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Hybrid Systems

Discrete Control + Continuous Dynamics
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3-mode Oscillator



Cardiac Cell Model

Mode 1
flow,
du u
- = g ——
dt T,
dv _1-v
dt 7

u
l-—-w
dw T,
dt o T, , —_T;l_
1+e—2kw(u—uw)

Discrete Control + Continuous Dynamics

Mode 2
flow, :
du u
- = g —_——
dt T,
dv v
dt 7,
dw _ W, —Ww
dt - T,

Twl - =
-2k, (u—u,,)

Hybrid Systems

Mode 4
flow, :
du viu-60XYu —u
du_ =6, -w
dt T,

1 w-s

- +

Ts02 B Tsol Tsi

sol 1+ e_ka(u_um)

dv v
dt 7,
dw W
dt '




Hybrid Systems

Discrete Control + Continuous Dynamics

Prostate Cancer Model

Mode 1 (on-treatment)

E=_—Z+ 7 jump1—>3:
T
)
2
jump,_,,
X+ysr, Mode 3 (dummy)
A%+?<O jump,_,; :
Lo dx dy
vw=t x+yzrnA—+—>0
dt dt

Mode 2 (off-treatment)
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Control (cancer therapy)
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Reachability Analysis of Hybrid Systems

Can a hybrid system run into an unsafe region of its state space!



Reachability Analysis of Hybrid Systems

Can a hybrid system run into an unsafe region of its state space!

[H] il

Unreachable Reachable
(Safe) (Unsafe)

The standard bounded reachability problems for simple hybrid
systems are undecidable.



Reachability Analysis of Hybrid Systems

The standard bounded reachability problems for simple hybrid
systems are undecidable.



Reachability Analysis of Hybrid Systems

The standard bounded reachability problems for simple hybrid
systems are undecidable.

|. Give up
2. Don’t give Up

A. Find a decidable fragment and solve it

(_B.Use approximation }



0-Reachability Analysis of Hybrid Systems

Given 0 € Q*, [[H6]] and [[unsafeﬁ]] over-approximate [H] and [unsafe]

O-reachability problem asks for one of the following answers:

Unreachable O-reachable
(Safe) (Unsafe)

- Decidable for a wide range of nonlinear hybrid systems
- polynomials, log, exp, trigonometric functions, ...



0-Reachability Analysis of Hybrid Systems

Given 0 € Q*, [[H6]] and [[unsafeﬁ]] over-approximate [H] and [unsafe]

O-reachability problem asks for one of the following answers:

Unreachable O-reachable
(Safe) (Unsafe)

- Decidable for a wide range of nonlinear hybrid systems
- Reasonable complexity bound (PSPACE-complete)



0-Reachability Analysis of Hybrid Systems

Unreachable
(Safe)

. “Unreachable” answers is sound.



0-Reachability Analysis of Hybrid Systems

O-reachable Unreachable with smaller ©
(Unsafe) (Safe)

2. Analysis is parameterized with &



0-Reachability Analysis of Hybrid Systems

Unreachable
(Unsafe)

3. Robustness:
If your system is O-reachable under a reasonably small 0,
then a small error can lead your system to an unsafe state



0-Reachability Analysis of Hybrid Systems

“O-reachability analysis checks robustness which implies safety.”



dReach: 0-Reachability Analysis of Hybrid Syste
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Hybrid System Model

+ Specification
(drh format)

/

Unrolling Depth
(k)

A4

BMC
Encoder

—>

SMT2
formula

dReach
dReal
(6-complete SMT solver)
DPLL<T>
ICP Solver
Nonlinear
Constraint
SAT P Solver
Solver
ODE
Solver

| v 5-SAT -

A UNSAT -

O-reachable
—» + Counterexample
(Visualization)

—» Unreachable

- Open Source (GPL3), available at https://dreal.github.io
- Support polynomials, transcendental functions and nonlinear ODEs
- Formulas with 100+ ODEs have been solved.



https://dreal.github.io

Input Format (drh) for Hybrid System

#define D 0.45
#define K 0.9
[0, 15] x;
9.8] g;
-18, 18] wv;

[
[
[0, 3] time;

{ mode 1;
invt: (v <= 0);
(x >= 0);
flow: d/dt[x] = v;
d/dt[v] = -g — (D = v = 2);
Jump: (x = 0) ==> @2 (and (x’' = x) (v’ =
{ mode 2;
invt: (v >= 0);
(x >= 0);
flow: d/dt[x] = v;
d/dt[v] = -g + (D x v ~ 2);
Jump: (v = 0) ==> @1 (and (x’' = x) (v/ = v)); }
init: @1 (and (x >= 5) (v = 0));
goal: @1 (and (x >= 0.45));

Inelastic bouncing ball with air resistance




Logical Encoding of Reachability Problem

modeg, modeg,

flO'qul (flafthtl) ft

Init ] '
! |
|
|

|
|
um | :E‘t , €T . — —
J Dgo—q i< 0 1) jumpql_mzi(l’i,a&)
i i
|
Ty
- > < »
step O step 1

Elfo, fl, N ,fkﬂxo, L1y ,szlt(),tl, c o ,tk
Init(Zo) A flowy, (Zo, Ty, to) A jumpg,—sq, (Lo, T1) A

flowg, (F1, 47, 1) A jumpg, -, (T, T2)A

flow,, (Tr, T4, tx) A Unsafe(Zy)



Logical Encoding of Reachability Problem

How to encode a mode invariant

modeg,

step |

Vt € [0,t;| V& € X flow,, (%, Z,t) = invy, (Z)



Logical Encoding of Reachability Problem

modeg, modeg, B modeg,
flO”wa (xhwl?tl) j’i f};_l
1
I "
! Jumpg, 1—>qk.(37k: ) Unsafe
>t = ,/ !
JUMPg; — g, (x17x2) ! :
B |
I
I e
| P T
85._._.— - flowy, (Z, T, tr)
< > < > -< >
step O step 1 step k

3:60,331,.. xkﬂxo,azl,.. ,Trp3to, 1,y .-, tk

A jumpc]o—ﬂh(_%)? fl)/\

I
) A jume1—>Q2 (fﬁv fQ)A

flowg, (T, Ty, tr) AVE € [0,t,]) VZ € X flowgy, (T, T, t) = inv,, (£) A Unsafe(Zy)




How to Solve

Numerical Error (6)

I

Hybrid System Model BMC
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dReal
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Theory Solver

Input:

- Box (search space)

- List of constraints [{ Al A - - -

Output: 0-sat or Unsat

A Ly,



Main Algorithm: Interval Constraint Propagation

Pruning Branch



Main Algorithm: |

nterval Constraint Propagation

~

Unsat




Pruning using ODEs

pruning on Xt
(Forward)




Pruning using ODEs

A t )E( A t )é( A t )E é( T

pruning on Xt
(Forward)



Pruning using ODEs

T
N

pruning on Xt
(Forward)



Pruning using ODEs

pruning on Xt
(Forward)




Pruning using ODEs

Pruning on Xo
(Backward)



Invariant

Pruning using ODEs
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Pruning with Mode Invariant



Visualization of Counterexample

Numerical Error ()

Hybrid System Model
+ Specification

(drh format)

-

Unrolling Depth
(k)

A4

BMC
Encoder

 E—

SMT2
formula

dReach
dReal
(6-complete SMT solver)
DPLL<T>

ICP Solver
Nonlinear
Constraint

SAT > Solver

Solver
ODE
Solver

A NSAT -

| v 5-SAT -

, " &-reachable
¥ + Counterexample §
% (Visualization) J

——» Unreachable




Visualization of Counterexample

3-mode Oscillator Model
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Click and drag above to zoom / pan the data




Demo
(I min)



Thank You
See You @ Tool Market (16:30-18:00, Octagon)

http://dreal.github.io
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